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Abstract 

 In recent years there has been an increasing interest in developing the theory and 

applications of geometric stable distributions. The class of geometric stable distributions is 

a four-parameter family of distributions denoted by GS ( , , )
α
σ β µ  and conveniently 

described in terms of characteristic function 

,

1
(t)

1 t (t) i t
αα

α β

Φ =
+σ ϖ − µ

 where 
,

1 i sign(t) tan( / 2) if 1

(t) 2
1 i sign(t) log t if 1.α β

− β πα α ≠


ϖ = 
+ β α = π

                                     

The parameter ( ]0, 2α∈  is the index of stability and determines the tail of the distribution. 

These classes of distributions arise as a limiting distribution of geometric random sums of 

independent and identically distributed random variables. Since the geometric random 

sums frequently appear in many applied problems in various areas, the geometric stable 

distributions have wide variety of applications especially in the field of reliability, biology, 

economics, financial mathematics etc.  When 0, 0β = µ = , the geometric stable distribution 

have the characteristic function 
1

(t) ,
1 t

αα
Φ =

+σ
and the corresponding distribution is 

called Linnik distribution and is named after Ju.V.Linnik, who showed that the above 

function is a bona fide characteristic function of a symmetric distribution for any 0 2< α ≤ .  

It may be noted that probability density and distribution functions of the Linnik random 

variable are not in closed form except for 2α = , which corresponds to the Laplace 



  

distribution. The Laplace distribution is symmetric, and there were several asymmetric 

extensions in generalizing the Laplace distribution.  

In this paper we introduce and study new classes of distributions, namely Pakes 

generalized asymmetric Linnik distribution and geometric Pakes generalized asymmetric 

Linnik distribution. First order autoregressive process with Geometric Pakes generalized 

asymmetric Linnik distribution as marginal distribution is developed. Higher order 

extensions are discussed. A bivariate distribution related to geometric Pakes asymmetric 

Laplace and Linnik distribution is introduced and bivariate time series model corresponding 

to this distribution is developed. 

Key words: Autoregressive process, Geometric infinite divisibility, Geometric exponential 

distribution, Geometric marginal asymmetric Laplace and Linnik distribution, Geometric 

Pakes generalized asymmetric Linnik distribution, Geometric Stable distribution. 

1. Introduction 

In recent years there has been an increasing interest in developing the theory and 

applications of geometric stable distributions. The class of geometric stable distributions is 

a four-parameter family of distributions denoted by GS ( , , )
α
σ β µ  and conveniently 

described in terms of characteristic function 

,

1
(t)

1 t (t) i t
αα

α β

Φ =
+σ ϖ − µ

 where 
,

1 i sign(t) tan( / 2) if 1

(t) 2
1 i sign(t) log t if 1.α β

− β πα α ≠


ϖ = 
+ β α = π

                                      

The parameter ( ]0,2α∈  is the index of stability and determines the tail of the distribution. 

These classes of distributions arise as a limiting distribution of geometric random sums of 

independent and identically distributed random variables. Since the geometric random 

sums frequently appear in many applied problems in various areas (see Gnedenko and 



  

Korolev (1996)), the geometric stable distributions have wide variety of applications 

especially in the field of reliability, biology, economics, financial mathematics etc.  

 When 0, 0β = µ = , the geometric stable distribution have the characteristic function 

1
(t) ,

1 t
αα

Φ =
+σ

and the corresponding distribution is called Linnik distribution and is 

named after Ju.V.Linnik, who showed that the above function is a bona fide characteristic 

function of a symmetric distribution for any 0 2< α ≤ .  The probability density function of 

the Linnik random variable when 1σ =  has the 

representation
2

0

sin exp( x )2f (x) d

1 2 cos
2

α∞

α α α

πα
υ −υ

= υ
παπ + υ + υ

∫  for x > 0 and for x < 0, 

f (x) f ( x)
α α

= − . It may be noted that probability density and distribution functions of the 

Linnik random variable are not in closed form except for 2α = , which corresponds to the 

Laplace distribution. The Laplace distribution is symmetric, and there were several 

asymmetric extensions in generalizing the Laplace distribution. Kozubowski and Podgórski 

(2000) studied asymmetric Laplace (AL) distribution with characteristic function 

2 2

1
(t) ,

1 t i t
Φ =

+σ − µ
, 0−∞ < µ < ∞ σ ≥ , and discussed applications of it in the fields of 

financial mathematics. Kotz et al. (2001) discussed a new class of distributions, namely 

generalized asymmetric Laplace distributions, with characteristic function 

2 2

1
(t)

1 t i t

τ
 

Φ =  
 + σ − µ 

, , , 0−∞ < µ < ∞ σ τ ≥ . By specifying 1τ = , 0σ = and 0µ > , we 

have an exponential distribution with mean µ  and obtain symmetric Laplace distribution if 



  

1τ = , 0µ = and 0σ ≠ . When 0σ = , the function reduced to characteristic function of a 

gamma variable with the scale parameter µ  and the shape parameter τ . 

In this paper we introduce and study new classes of distributions, namely Pakes 

generalized asymmetric Linnik distribution and geometric Pakes generalized asymmetric 

Linnik distribution. In Section 2 we introduce Pakes generalized asymmetric Linnik 

distribution and obtain the representation of the random variable. In Section 3 we 

introduce and study geometric Pakes generalized asymmetric Linnik distribution. Time 

series model equivalent to TEAR (1) model discussed in Lawrance and Lewis (1981) with 

geometric Pakes generalized asymmetric Linnik distribution as marginal distribution is 

introduced and studied in Section 4.  

2. Pakes generalized asymmetric Linnik distribution 

Pakes (1998) generalized the Linnik distribution and introduced a symmetric 

distribution, namely generalized Linnik distribution with characteristic function 

1
(t)

1 t

τ

αα

 
 Φ =
 + σ 

, , 0,0 2σ τ ≥ < α ≤ . It may be noted that when 2α =  this reduces to 

the characteristic function of generalized Laplace distribution of Mathai (1993). Similar to 

generalized asymmetric Laplace distribution we can define an asymmetric distribution with 

characteristic function  

1
(t) , , , 0,0 2.

1 t i t

τ

αα

 
 Φ = −∞ < µ < ∞ σ τ ≥ < α ≤
 +σ − µ 

            (2.1) 

We shall refer this distribution as the Pakes generalized asymmetric Linnik distribution and 

denoted by PGAL ( , , )
α
µ σ τ .   



  

When 2, 1α = τ = , it reduces to the asymmetric Laplace distribution of Kozubowski and 

Podgórski (2000). 

Theorem 2.1 A PGAL ( , , )
α
µ σ τ  random variable X  with characteristic function (2.1) 

admits the representation 
1/

Xd W W Z
αµ +σ , where Z  is symmetric stable with 

characteristic function (t) exp( t )
ααΨ = −σ and W is a gamma random variable with 

probability density function 
1 w1

g(w) w e , w 0, 0
( )

τ− −= > τ >
Γ τ

, independent of Z . 

Proof: 

Conditioning on W , we obtain the characteristic function ( )tΦ  of 
1/

W W Z
αµ +σ  

as  

1/
it( W W Z

(t) E ( E(e / W))
αµ +σΦ =  

        
1/

it( w w Z

0

E(e )g(w)dw
α∞

µ +σ= ∫  

        
w(1 t i t)1

0

1
w e dw

( )

αα∞
− +σ − µτ−=

Γ τ ∫  

        
1

1 t i t

τ

αα

 
 =
 + σ − µ 

. 

Hence the theorem.                                                                                                            

3. Geometric Pakes generalized asymmetric Linnik distribution 

Pillai (1990) introduced geometric exponential distribution and studied the 

properties of the renewal process with geometric exponential waiting time distribution. 

Jose and Seetha Lekshmi (1999,2003), studied geometric gamma and geometric Laplace 

distributions and developed autoregressive time series models. Jayakumar and Ajitha 



  

(2003) introduced geometric Mittag-Leffler distribution and studied its properties including 

infinite divisibility and attraction to stable laws.  Seetha Lekshmi and Jose (2006) 

introduced and studied geometric Pakes generalized Linnik distribution and developed 

time series model using this distribution.  

Since the distribution with characteristic function (2.1) is infinitely divisible, using 

the result of Klebanov et al. (1984), we can define a geometrically infinitely divisible 

distribution with characteristic function (t)Ψ  such that 
1

(t) exp 1
(t)

 
Φ = − 

Ψ 
. 

The characteristic function (2.1) can be written as  

1

1 1
exp 1

1 t i t (1 log (1 t i t ) )

τ

α αα α −

      = − 
 + σ − µ + τ + σ − µ    

. 

Hence 
1

(t)
1 log (1 t i t )

αα
Ψ =

+ τ +σ − µ
is a characteristic function of a geometrically 

infinitely divisible distribution. 

A distribution with characteristic function 

 
1

(t)
1 log (1 t i t )

αα
Ψ =

+ τ +σ − µ
, , , 0,0 2−∞ < µ < ∞ σ τ ≥ < α ≤ ,           (3.1) 

is called geometric Pakes generalized asymmetric Linnik ( GPGAL ) distribution with 

parameters , ,µ σ α and τ . 

If X is a random variable with characteristic function (3.1), we represent it as 

X d GPGAL ( , , )
α
µ σ τ . It may be noted that when 1τ =  in (3.1), the corresponding 

distribution is the geometric version of asymmetric Linnik distribution and in such case we 

call it as geometric asymmetric Linnik distribution ( GPGAL ( , , 1)
α
µ σ τ = ). 

Now we consider the asymptotic behavior of the GPGAL ( , , )
α
µ σ τ distribution. 



  

Theorem 3.1. The GPGAL ( , , )
α
µ σ τ  distribution is the limit distribution of geometric sums 

of PGAL ( , , )
α
µ σ τ random variables. 

Proof: 

Let (t)Φ be the characteristic function of PGAL ( , , )
nα
τ

µ σ  random variable.  

Then 
n1

(t)
1 t i t

τ

αα

 
 Φ =
 + σ − µ 

. 

Define 
/ n1

(t) 1 (1 t i t) 1
(t)

αα τΘ = − = + σ − µ −
Φ

. 

Hence, using Lemma 3.2 of Pillai (1990), 
n

1
(t)

1 p (t)
Φ =

+ Θ
, where p 1> is the 

characteristic function of a geometric sum of random variables. By choosing p n= , we 

have { } 1
/ n

n
(t) 1 n (1 t i t) 1

−
αα τ Φ = + +σ − µ −  

. So 
n

(t)Φ is the characteristic function of 

a geometric sum of PGAL ( , , )
nα
τ

µ σ  random variables. 

Consider
n / nn

n

1
(t)lim

1 n (1 t i t) 1lim
αα τ→∞

→∞

Φ =
 + + σ − µ −  

 

                                
1

1 log(1 t i t)
αα

=
+ τ + σ − µ

, which is the characteristic function of 

GPGAL ( , , )
α
µ σ τ  random variables. 

Hence GPGAL ( , , )
α
µ σ τ distribution is the limit distribution of geometric sum of 

PGAL ( , , )
nα
τ

µ σ  random variables. 

Hence the theorem.                                                                                                            



  

Now we prove stability property of GPGAL ( , , )
α
µ σ τ random variables with respect 

geometric summation. 

Theorem 3.2 Let { }n
X be a sequence of independent and identically distributed random 

variables and let 
p

N  be a geometric random with mean 1/ p . Further, assume that 
p

N  is 

independent of the 
i

X 's  .If 
p

N

N i
i 1

U X

=

=∑  then the random variables 
p

N
U and 

i
X  are 

identically distributed if 
i

X  follows GPGAL ( , , )
α
µ σ τ  distribution. 

Proof:    

 Let (t)Φ  and (t)Θ be the characteristic functions of 
i

X  and 
p

N
U  respectively.  

Then
p (t)

(t)
1 (1 p) (t)

Φ
Θ =

− − Φ
.                                                                                         (3.2) 

Suppose 
i

X  d GPGAL ( , , )
α
µ σ τ , then by (3.2) we have  

                            

( )
log(1 )

1

1 log(1 )

Θ =
+ + −

=
+ + −

p
t

p t i t

t i t
p

αα

αα

τ σ µ

τ
σ µ

   

Hence   
p

N
U d GPGAL ( , , )

pα
τ

µ σ . 

Hence the theorem. .                                                                                                                                      

4. Autoregressive model with GPGAL ( , , )
αααα
µ σ τµ σ τµ σ τµ σ τ  marginal distribution 

Time series in which observations are of clearly non-Gaussian nature are very 

common in many areas. A number of literatures have developed in recent years in 

modeling time series data with non-Gaussian, and more generally asymmetric marginal 

distributions. Gaver and Lewis (1980) discussed and studied conventional first order linear 

autoregressive model 
1n n n

X Xρ ε
−

= + with exponential marginal distribution. 



  

Subsequently, Lawrance and Lewis (1981), Dewald and Lewis (1985), and Jayakumar and 

Pillai (1993) developed autoregressive models with different marginal distributions such as 

Laplace, gamma, Mittag-Leffler distributions. These first order autoregressive models are 

developed using the self-decomposability property of the corresponding marginal 

distributions. Now we develop a time series model using GPGAL ( , , )
α
µ σ τ marginal 

distribution on the basis of geometric infinitely divisible property of the distribution. This 

model is equivalent to the one-parameter TEAR (1) model discussed in Lawrance and Lewis 

(1981). 

Theorem 4.1 

Let { }n
X ,n 1≥ be defined as   

  
n

n
n 1 n

w.p.
X

X w.p. 1
−

ε θ
= 

+ ε −θ
                                                          (4.1) 

where 0 1≤ θ ≤  and { }
n
ε is a sequence of  independent and identically distributed random 

variables. A necessary and sufficient condition that { }
n

X is a stationary process with 

GPGAL ( , , )
α
µ σ τ marginal is that { }

n
ε is distributed as GPGAL ( , , )

α
µ σ θτ . 

Proof 

 Let 
X

n

(t)Φ  be the characteristic function of { }n
X . Then from (4.1), we get  

1
X X

nn n n

(t) (t) (1 ) (t) (t).
−

ε ε
Φ = θΦ + −θ Φ Φ                                    (4.2) 

Assuming stationarity, we have 

X X
(t) (t) (1 ) (t) (t).

ε ε
Φ = θ Φ + −θ Φ Φ  

Hence  

X

X

(t)
(t)

(1 ) (t)

Φ
Φ =
ε θ+ −θ Φ

.                                                                (4.3) 



  

Suppose 
n

X d GPGAL ( , , )
α
µ σ τ  then 

X

1
(t)

1 log(1 t i t)
αα

Φ =
+ τ + σ − µ

. 

Substituting this in  (4.3) and simplifying, we get 

1
(t)

1 log(1 t i t)
ε αα

Φ =
+θ τ +σ − µ

. 

Hence 
n

d GPGAL ( , , ).
α

ε µ σ θτ   

Conversely, if { }
n
ε  is a sequence of independent and identically distributed 

GPGAL ( , , )
α
µ σ θτ  random variables and 

0
X d GPGAL ( , , )

α
µ σ τ .  

Then from (4.2), when n=1, we have 
1

X

1
(t)

1 log(1 t i t)
αα

Φ =
+ τ + σ − µ

. 

If 
n 1

X d GPGAL ( , , )
− α

µ σ τ  then we get 
n

X d GPGAL ( , , )
α
µ σ τ . 

Thus, using inductive argument { }
n

X  is a stationary process with 

GPGAL ( , , )
α
µ σ τ marginal distribution.   

Hence the theorem.                                                                                                          

We call the process defined by (4.1) with 
0

X d GPGAL ( , , )
α
µ σ τ  and { }

n
ε  is a sequence of 

independent and identically distributed GPGAL ( , , )
α
µ σ θτ  random variables, as the first 

order autoregressive process with GPGAL ( , , )
α
µ σ τ marginal distribution. 

From the definition (4.1) of the model it is easily verified that  

n

n n 0 n

n

n n

n n

X X

1 (1 ) (t)

(t) (t) (1 ) (t) (t)
1 (1 ) (t)

ε

ε ε
ε

− −θ Φ
Φ = θΦ + −θ Φ Φ

− − θ Φ
. 

When n →∞ , 
n n

n

X

1
(t) (t)

1 (1 ) (t)ε
ε

Φ = θΦ
− −θ Φ

.  



  

Let 
0
X  is distributed arbitrarly and { }n

ε  is a sequence of independent and identically 

distributed GPGAL ( , , )
α
µ σ θτ  random variables then the characteristic function 

n
X

1
(t)

1 log(1 t i t)
αα

Φ =
+ τ +σ − µ

.  

Hence if 
0
X is distributed arbitrarly, then also the autoregressive process is asymptotically 

Markovian with GPGAL ( , , )
α
µ σ τ marginal distribution. 

Now from the joint characteristic function of 
n n 1

(X ,X )
+

of the process it is easily verified 

that 
n n 1 n n 1

(X ,X ) 1 2 (X ,X ) 2 1
(t , t ) (t , t )

+ +

Φ ≠ Φ . Hence the AR (1) process given by (4.1) with 

GPGAL ( , , )
α
µ σ τ  marginal distribution is not time reversible. 

5.Conclusion 

Most of the data sets in the areas of financial mathematics, reliability, 

environmental studies etc, often do not follow the normal law but with asymmetric and 

heavy tailed character. A large number of research journals discussed applications of 

Laplace and asymmetric Laplace distributions in different fields where data exhibits 

asymmetric and heavy tailed character. In communication theory, frequently encountered 

impulsive noise possesses heavy tails, and so Laplace noise has been suggested as a best 

model. Also it is established that the Laplace distribution is considered as a model for the 

distribution of speech waves and the distribution is commonly encountered in image and 

speech compression. Empirical analysis of some important time series data, especially in 

the field of financial mathematics, environmental studies etc. shows that asymmetric and 

heavy tailed distributions, related to Laplace distribution, are more suitable for modeling 

the data. The applications of Laplace distribution in modeling sizes of sand particle, 

diamonds etc are also well established in many research articles (for more details see Kotz 



  

et al. (2001)). In this paper we examined the distributions related to Laplace and 

asymmetric Laplace distributions and can be used as an appropriate model in the areas 

where Laplace and Linnik distributions do not provide a better fit. Much will be learned in 

future by further analysis related to the applications of this new class of distributions 

across a range of contexts. 
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